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Abstract-In this paper, we discuss the conditions for Euler midpoint rule to be volume-preserving 
and present explicit volume preserving schemes. Some numerical experiments are done to test these 
schemes. 
1. INTRODUCTION 
It’s well-known that classical difference schemes such as Euler midpoint rule and fourth-order 
Runge-Kutta method can be applied to any kind of dynamical systems neglecting the structure 
of the systems, but the numerical results may be sometimes unsatisfactory. Recently, Feng 
Kang pointed out that for dynamical systems with specific geometric structure, it is natural and 
mandatory to require the difference scheme to be structure-preserving, [l]. That is to say for 
source-free systems, we should use volume-preserving schemes. In this paper, we point out that 
Euler midpoint rule is only volume-preserving under some strict conditions, and we will present 
explicit volume-preserving scheme which is also structure-preserving for any dynamical systems. 
2. CONDITIONS FOR EULER METHOD TO BE 
VOLUME-PRESERVING 
Let X = (Xl, X2,. . . ,XN)’ E RN and f(X) = (fl(X), f2(X), . . . , fN(X)), fi(X) : RN -+ RN, then 
the dynamical system 
g = f(x) (1) 
is source-free (i.e., N afi divergence-free) when c G = 0 (i.e., div f (x) = 0), [2-41. The flow of 
i=l z 
a source-free system is volume-preserving, i.e., det(e;(z)), = 1, Vx, t, where e; denotes the flow 
of (1) and (e;(x)), the Jacobian matrix of e; at x. So volume-preserving schemes are required for 
computing the numerical solution of (1). That means the schemes should satisfy de 
if yn denotes the numerical solution at step n. 
Let’s consider the Euler midpoint rule [5] 
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where r is the step-size in t. We then have 
= IN + $Df(x*) 
IN - ;of(x*)’ (3) 
where of = fz z 2 = B = {bij}, X* = “““2’ ‘,. 
IIN + ;of(x*)l 
= 1 now requires IIN _ ~of(x*)l = 1. Let 
p(x) = ,Df(x*) - AIN,, (4 
be the characteristic matrix of Df(x*), since 
,IN + $of(x*,, ,$(of(x*) + :IN), (;)N,of(x*) + :IN, 
,IN - ;of(x*), = , - $(of(x*) - $IN), = (-$)N,of(x*) - SIN, = (-‘I 
N ‘(3) 
P(-5)' 
we then get the condition for scheme (2) to be volume-preserving 
P(A) = (-l)NP(-A). (5) 
Let’s consider some particular cases of N to show that scheme (2) is not always volume- 
preserving. 
CASE 1. N = 2. In this case, we have 
P(A) = x2 - (bu + b22)X + b&1. 
N afi 
Since C z = 0, i.e., tr(B) = 0, then P(A) = X2 + b12b21 and P(-A) = P(X), thus the 
i=l ’ 
scheme (2) is volume-preserving for source-free systems of dimension 2. 
CASE 2. N = 3. We now have 
P(A) = - x3 + (bll + 622 + b33)P - CA + IBI 
= - x3 -CA + IBI, 
where 
The volume-preserving condition is now IBI = 0. 
For example, when system (1) takes the form 
dx - = cy - bz 
dt 
dy 
Z = az - cx ) 
dz 
- = bx - ay 
dt 
a, b, c E R, 
we have IBI = 0. For this dynamical system, centered Euler method is volume-preserving. 
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To study the general cases, we need the following well-known lemma. 
LEMMA 1.1. Let P(A) be the characteristic polynomial of matrix ANON, then 
P(x) = IA - xl~l = (+(XN - P#-’ + P,XN-2 + *** + (-l)NPN), 
where 
Pl = gajj =h(A), 
p2 = 5 / 1; 
i<j 
aii aij aik 
P3 = 2 aji ajj ajk 
i<j<k ski akj akk 
. . . . . . 
PN = IAl. 
Using Lemma 1.1, we can discuss the case when N = 4. 
CASE 3. N = 4. In this case, 
I 
(6) 
P(X) = x4 - P# + P$? - P3X + IBI. 
Since PI = tr(B) = 0, then P(-X) = (-1)4P(X) requires Ps = 0. 
We note, when N increases, more and more conditions are required for scheme (2) to be 
volume-preserving, and it seems impossible to satisfy all these conditions. But fortunately, for 
the special case when system (1) is Hamiltonian, i.e., 
f=JVH, J= (; -?I, N=2K. 
Scheme (2) is volume-preserving. This is because the Hamiltonian system is source-free and Df 
is an infinitesimal symplectic matrix. For infinitesimal symplectic matrix, we have the following 
lemma (see [6]). 
LEMMA 1.2. If M is an infinitesimal symplectic matrix and X is an egienvalue of M, so are 
-A, x, -x. 
From Lemma 1.2, we know P(-X) = (-1)2KP(X) is valid when system (1) is Hamiltonian, 
so Euler method is volume-preserving for Hamiltonian systems. In fact, the method is even 
symplectic for Hamiltonian systems, that is to say it also preserves the symplectic structure of 
Hamiltonian systems, which is a much stronger property than volume-preserving. 
3. SEPARABLE SYSTEMS AND VOLUME-PRESERVING 
EXPLICIT METHODS 
In this section, we consider a special kind of source-free systems called separable systems. 
System (1) is separable iff 
2 =f(21,22,...,2i-l,2i+l,...,ZN), i = 1,2, . . . , N. (7) 
We can divide the system (7) into N source-free systems. The first order explicit Euler method 
can be applied to them to get the exact solutions of them, i.e., the phase flows of them. Using 
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the composition method, we can construct first order explicit volume-preserving scheme for sys- 
tem (7). The adjoint of this scheme is got from the implict Euler method and is also explicit. 
Composing these two schemes, we get a reversible explict volume-prserving scheme of order 2. 
This process can be expressed by formal power series as shown in the following. 
From [l] we know the flow of (1) can be represented by power series 
ccl 
e; = lj,T i- xT”ek,f, ek,f : RN --+ RN, 
k=l 
ek,f = if*klN, 
where f* denotes the first order differential operator f * = efiE and f*’ = f*f*,f*3 = 
i=l z 
f*f*f*,... 1~ is the identity vector function, IN = x. The concatenation of two flows e: 
and e&, where A, B are vectors like f, is a formal power series corresponding to a formal vector 
field C’, which is given by the following formula. For simplicity, we just write out first several 
terms. 
eLoeL=e&, 
C’=A+B+;[A,B]+O(T’), (8) 
where [A, B] = A,B - B,A is the Lie bracket of A and B, A, denotes the Jacobian matrix of A. 
For details about formal power series and formal vector fields, refer to [l]. 
We now separate (1) into N integrable systems 
dx 
-=cq(x), 
dt 
a~=(O,i,O,f~,O )..., op, 
These integrable systems have flows 
co 
i = 1, 
Since we have ofkIN = afk x = 0 when k 2 2, then 
i=1,2 ,..., N. (9) 
.,N. (10) 
e:,(x) =x+2 Tkek,a,(x) = x + 2 fU;klN(x) =  + T&(x). 
k=l Ic! 
(11) 
k=l 
Using the formula (8), we can find 
From [l] we know this means the concatenation e& o e&1 0 ... o e& 0 e& approximates the 
flow e; to the first order of T. Because the systems of (9) are all source free, their flows are all 
volume-preserving and the concatenation of them remains volume-preserving since 
det ((e& 0 ezN_l 0.. .o e& 0 e:,> (x)). 
=det(eL, (xN-‘)), . det(ezN_, (zrNV2))* . . . . . det(ez, (x0))+ 
=l, 
where x0 = z, x1 = eiI (z’), . . . , zN-’ = ezrL_-l (x”-‘), xN = ei, (@-‘). 
Thus, we get the volume-preserving scheme ez, 0 e;N_l 0 . . .o e& 0 ei, , it’s an explicit scheme 
sinceei”(i=l,..., N) are flows of integrable systems which can be written as (11). From [7], we 
know the concatenation of ei, o eiN_l 0. . . o e& o ei, with its adjoint e:, 0 e& 0 . . .o eiN_l 0 e&., 
produces a reversible scheme 
e7/2 712 712 aN 0 e,,_, 0 . . f o eaz 0 e7j2 r/z al O %I o e+ o . . . 0 e7/2 a2 a*__1 O e;p 
of second order. 
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We write out the reversible explicit volume-preserving scheme of second order for system (1) 
with N = 3 as an example. 
(0) (0) .Y2) = $’ + if1 (x2 )X3 ) 
511’2) = $’ + 5f2(4/2), xp) 
x3 
(l/2) = xy’ + ;f3(xjl/2),x;/2)) 
53 
(1) = x$u2) + ;f3(xj1/2),xy2)) 
(13) 
x2 
(1) = xp2) + ;f2(xy2),xp)) 
xy) = xy2) + ;fi(xF’, xp), 
where ($‘, C&o), z$‘) denotes the numerical solution at some step and (XII), x~),x!)) the next. 
It is easy to construct volume-preserving schemes for linear systems and we will not discuss this 
problem here. For separable systems, we have the volume-preserving scheme (13) which is good 
enough. But for non-separable systems, it seems very difficult to construct praticable volume- 
preserving schemes. We give out some volume-preserving schemes for some special systems 
without proofs. 
SCHEME 1. For system 
I 
dx 
- = 4x9 Y) 
dt 
dy 
- = v(x, y) 
dt 
I 
dz 
- = w(x, Y, z) 
dt 
the scheme 
1 
x,+1 = x72 + 4% Yn) 
Yn+l = Yn + ++a, Yn) 
& + TW(Xn, Yn, %+1) 
zn+l = 1+ %(Xn, Y&/(Xn, Yn) - ~y(Gu Yn)%(%, Yn) 
is volume-preserving and of first order. 
SCHEME 2. For system 
dx 
- = u(z) 
dt 
dy 
- = v(x, y,z) , 
dt 
dz 
- = 4x3 Y, z) dt 
the scheme 
i 
x,+1 = xn + ~qzn+l) 
Ynfl = Yn + ~‘u(GL,Y/,, &x+1) 
Zn+l = zn - 4&L, Yn, &+1) 
is volume-preserving and of first order. 
SCHEME 3. For system 
dx - = u(x, z) 
dt 
dv - = 21(x,2) , 
dt 
dz 
- = 42, Y, z) dt 
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the scheme 
&I+1 = & + ~U(%, &+1) 
Yn+l = YTI + ru(G&, %+1) 
&+1 = &I - N%, Yn, .Gz+1) 
is volume-preserving and of first order. 
4. NUMERICAL EXPERIMENTS 
NUMERICAL EXPERIMENT 1. We first consider the following system 
Li = yz 
jl = -XL 
i = -k2xy. 
(14) 
It’s a source-free system and has two integral invariants 
x2+y2=c1, (15.1) 
k2x2 + .z2 = C 27 (15.2) 
from which we know 
k2y2 - z2 = C, (15.3) 
is also invariant under the flow of (14). So the phase trajectory of this system is closed and 
the projection of it on to the xy plane will be a circle, on to the xz plane an ellipse and on to 
the yz plane a hyperbola. In our numerical experiments, we always take the initial values as 
x,-, = YO = .ZO = 1.0 and k = 4, so (15) will be 
x2 + y2 = 2.0 (16.1) 
2x2 + z2 = 3.0 (16.2) 
2y2 - z2 = 1.0, (16.3) 
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and thus we know y 2 a/2 for the numerical solutions. The projection of the trajectory on to 
the xy plane and yz plane, therefore, will be part of a circle and part of a ellipse respectively. 
Figure l(a) shows the phase trajectory calculated by the classical 4th-order Runge-Kutta for 
6000 steps when taking the step-size as 0.5. Figure l(b) shows the projections of the trajectory 
on to the three planes xy, XZ, yz. We see the RK method yields spiraling of phase trajectory 
with artificial creation of an attractor. We have also calculated out the value of det(J,+r) = 
det d(%+17 Yn+l, Zn+l) 
> 
7Zfl 
wm YrzY,, 4
and the changing of the volume voL+r = n det(Ji) at every step. 
kl 
Figure l(c) shows the value of det(Ji) at the first(left) and the last(right) 500 steps. We see 
the value of det(Ji) ossilates around 1.0 at first and eventually the value is always bellow 1.0. 
Figure l(d) shows the changing of the volume, we see the value of voli decreases rapidly in the 
first 2000(left) steps and in the last 2000 steps(right) it’s almost equal to zero. 
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Figure 2 shows the projections of the trajectory calculated by explicit scheme (14) for 6000 
steps at the same step-size. We see the trajectory is preserved except it is tortured somewhat 
because the explicit method is not A-stable and the step size is now big. 
Though the centered Euler method is not volume-preserving in this case, the numerical result 
of this scheme with step-size 0.5, totally 6000 steps, is still very good as Figure 3(a) shows. 
The values det(Ji) and voli are presented in Figure 3(b) and Figure 3(c). These values remain 
osilliating aroud 1.0 in the first and last 500 steps, so the volume will not change greatly even in 
a very long time period, it always approximates, though not equal to, the true volume. Since the 
centered Euler method is A-stable, the phase trajectory of the system is preserved even better 
than the explicit method. 
NUMERICAL EXPERIMENT 2. We now turn to the ABC flow [8,9] 
{ 
k=Asinz+Ccosy (mod2n) 
e=Asinz+Acost (mod2n) (17) 
i=Csiny+Bcosa: (mod2r). 
When A = B = 1.0, C = 0.0, (17) is integrable. In this case, the centered Euler method is 
volume-preserving since det(Df) = 0. Projections on to the zy, ZZ, yz planes of the trajectories 
calculated by explicit method, Euler method and RK method are presented in Figure 4(a), (b), (c), 
respectively. The total step number is 6000, step size is 0.5 and initial values are still (l.O,l.O,l.O). 
We see in this case, Euler method is as good as explicit method and the RK method is still 
dissipative. Figure 4(d) shows the value of det(Ji) in the first and last 500 steps calculated 
by RK method. The value of det(Ji) oscilliates around 1.0 in the first 500 steps and almost 
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always below 1.0 in the last 500 steps. The volume increases to 1.003 at first 2000 steps as 
Figure 4(e)(left) shows and then decreases slowly to 0.9 as in Figure 4(e)(right). 
When A2 = 1, B2 = g, C2 = Q, A > B > C > 0, system (17) non-integrable. In this case, Euler 
method is non-volume-preserving. Figure 5(a) shows the results calculated by explicit method 
with initial values (1.0, 1.0, 1.0) and step-size 0.5. Figure 5(b) and (c) are results of Euler method 
and FLK method with the same initial point and step-size as the explicit method, we see the result 
of volume-preserving explict scheme is much better than the others. 
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